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Abstract

The purpose of this paper is to introduce a new kind of generalization of quasi principally injective S-acts over monoids (QP-
injective), (and hence generalized quasi injective), namely quasi small principally injective S-acts. Several properties of this kind
of generalization are discussed. Some of these properties are analogous to that notion of quasi small principally injective for general
modules. Characterizations of quasi small principally injective acts are considered. Conditions are investigated under which subacts
are inheriting quasi small principally injective property.
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I. INTRODUCTION

In this paper we extended concept of the previous works and to generalize new concepts which are: to extend the concept
of principally injective acts, to generalize the concept of quasi principally injective acts[1], to establish and extend some
new concepts which are dual to quasi principally injective acts [14] and quasi small principally injective acts. Also, we are
interested in seeing extend the characterizations and properties of acts remain valid for these previous concepts.

In everywhere of this paper, every S-acts is unitary right S-acts with zero element ® which denoted by Ms . We refer the
reader to the references ([1],[2],[31.[41.[51.[61.[71,[9],[10],[11],[15]) for basic definitions and terminology relating to S-acts over
monoid and injective(projective) acts which are used here.

In [1], the author introduced the concept of quasi principally injective S-act as a generalization of quasi injective. An S-
acts N is called M-principally injective if for every S-homomorphism from M-cyclic subact of Msinto Nscan be extended to
an S-homomorphism from Ms into N; (if this is the case , we write Ns is M-P-injective ) . An S-act M is called quasi-principally
injective if it is M-P-injective, that is every S-homomorphism from M-cyclic subact of Ms to M; can be extended to S-
endomorphism of M (for simply QP-injective) .

Recently, we adopt the concept of small quasi principally injective S-acts over monoids which represents, on one
hand, a generalization of quasi principally injective S-acts and on the other hand representing a generalization of quasi-
small principally injective modules [16]. We study their characterizations and properties. Some results on quasi principally
injective S-acts [1] and [14] extended to these S-acts.

I1. QUASI SMALL PRINCIPALLY INJECTIVE S-ACTS

A. Definition (2.2)

Let Ms be a right S-acts. A right S-acts Ns is called M-small principally injective (for short MSP-injective) if, every S-
homomorphism from an M-cyclic small sub-acts of Ms to Ns can be extended to an S-homomorphism from M;s to Ns. Equivalently,
for any endomorphism o of Ms with a(M) is small in Ms , every S-homomorphism from o(M) to Ns can be extended to an S-
homomorphism from M;s to Ns .

A right S-acts M is called quasi small principally injective (for short quasi SP-injective) if it is MSP-injective.

B. Remark and Example (2.2)

1) LetS =(g E

F F

) , where F is a field with T= End (Ms) , and Ms =(0 0

) . Then M is MSP-injective S-acts.

1) Proof
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It is easy to show that A = (8 g) is the only nonzero small M-cyclic sub-acts of Ms . Let a € T such that a ((g g)) c (8 g)

1 0
0 0

«( Dl DG D=a(G DG 9= DE 6= 8- wimpies rat = 0. 1t mpres

¢r(ker(a)) =0 =Ta . This means that Ms is MSP-injective S-sets.
2) If N is small sub-acts of an S-acts Ms , then U™, N; is small sub-acts of M.

2) Proof

The proof will be by induction on n. For n = 1, the assertion holds by the assumption . Assume that N = N;UNzU...UNy is small
sub-acts of Ms . Now, for sub-acts B of Ms, we have NUN,UB= Ms . As N is small, so N,UB = Ms and so B = M;s since N, is
small sub-acts of Ms .Thus, the proof is complete.

3) The Z-act with multiplication Z is small-injective but not injective.

. Since ( ) € M, a (((1) 8)) = (8 3) for some 0#xeF. Then foreachy,z € F

C. Proposition (2.3)
Let Ms and N; (1< i < n) be a right S-acts. Then, @j-,; N; is MSP-injective if and only if N; is MSP-injective for each i =1,2,..,n.

1) Proof

The necessity is clear. If for the sufficiency we prove the result when n = 2, then it is enough . Let o € T with a(M) is small in Ms
and f: a(M) — N; @ N, be an S-homomorphism. Since N; ( N2 ) are MSP-injective , then there exists S-homomorphism
fi:Mg — N; (f3: Mg — N, ) such that f;i = m; f (f,i = 7,f) where T, (1t,) is the projection map of from N; @ N, into N1(N>) and
i:a(M) — Mg is the inclusion map . Put j,f, = f(j,f, = ) Thus f extends f.

Next corollary represents a generalization of lemma (2.3.11) (1) in [12]

D. Corollary (2.4)

Retract of an MSP- injective S-acts is also MSP-injective.
The following theorem is a generalization of theorem (2.3) in [16]:

E. Theorem (2.5)

The following conditions are equivalent for projective S-acts Ms:
1) Every M-cyclic small sub-act of Ms is projective.

2) Every factor of an MSP-injective S-act is MSP-injective.

3) Every factor of an injective S-act is MSP-injective.

1) Proof

(1—2) Let As be an MSP-injective S-acts and o(M) be M-small sub-acts in Ms. Let a: 6(M) — Ag/p be S-homomorphism . Then
by (1), there exists S-homomorphism B: 6(M) — A, such that m = o where T: A, — Ag/p is the natural epimorphism. Since As
is MSP-injective, so B can be extended to S-homomorphism f: Mg — A .Put @ = tf, so ¢ is the extension of o to Ms .

(2—3) Assume that E is injective S-acts and E/p is the factor of E. Since every injective is MSP-injective acts, so E is MSP-
injective acts. Then, by (2) E/p is MSP-injective acts.

(3—1) Let a(M) be M-cyclic small sub-acts of Ms and f: A, — Bg be an S-epimorphism, where Asand Bs be two S-acts. Then
B = A, /p , where the congruence p=ker(f) . Let g: a(M) — By . Since every S-acts can be embedding in injective acts by corollary
(1.6) [8, p.186] , so embed A in injective acts E. Then B = A/p is a sub-acts of E/p, so by (3) g is extends to g: Mg — E/p. As
M; is projective, so g can be lifted to o: Mg — E . It is obvious that o(a(M)) < A, . Put oi = 3, where i is the inclusion map of
a(M) into Ms . This means that B:a(M) — A, . Thus g lifted to 8.

For the endomorphism monoid , we have the following proposition :

F. Proposition (2.6)

Let M;s be a right S-acts and T=End (Ms) . Then, the following conditions are equivalent:

1) Msis quasi small principally-injective.

2) Yr(ker(a)) =Ta forall a € T with a(Ms) small in Ms.

3) Kker(a) € ker(pB), where o, € T with a(Ms) small in Ms, implies TB € Ta .

4) fr(ker(a) N(BM) x B(M)) = £-(B(M) x B(M))UTa for «, B € T with a(Ms) small in Ms .
5) Ifo: a(M) — Mg, a € T with a(Ms) small in Mg, then ca € Ta .

1) Proof

(1—2) Let a € T with a(M) is small in Ms and let B € £(ker(a)) . Then ker(a) S ker(B) , so there exists an S-homomorphism
o: a(M) — Ns such that ca = . Since a(M:s) is small in Ms and Ms is quasi small P-injective , so there exists an S-homomorphism
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0: Mg — M, such that Gi = o, where i : a(M) — M is the inclusion map . Therefore B = Ga € Ta . For the other direction let § €
Ta , then § = oa for some o € T . For each s;t € S with ms=mt , we have a(ms) = a(mt) and then ca(ms) = ca(mt) . Thus, it is
implies that B(ms) = B(mt), and so B € ¢r(ker(a)) .

(2—1) Let a € T with a(M) is small in Ms and o :a(M) = Ms be an S-homomorphism . Then oa € T and oa € ¢ (ker(a)) . By
assumption, oca = fa for some f € T . This implies that Ms is quasi small P-injective.

(2—3) Let ker(a) < ker(B) , where a, $ € T with (M) is small in Ms . Then, #1(ker(B)) < ¢r(ker(a)) . Since TR <

£+ (ker(B)) and by(2) we have ¢1(ker(a)) =Ta,s0 TR S Ta.

(3—4) Let o € £r(ker(o) N(B(M) x B(M)) . We claim that keraf3 < keraf , for this let (m1,m;) € keraf , so aff(my) = ap(my) .
This implies that (8(my), B(m2) € (ker(a) N(B(M) x B(M)) . Then o3(my) = oB(mz) . Thus (m1,my) € keraB . By (3) , we have
ToB € Tap and o = uap for some u € T. This means that there is u € T such that o3 = uaf for each o, € T . In particular o =
ua . Thus o € £+ (B(M) x B(M)) U Ta . Conversely, let 6 € +(B(M) x B(M)) U Ta, so this means that ¢ € £+(B(M) x B(M))
or o € Ta (this means that 6 = ua forsome u € T) . If o € £ (B(M) X B(M)), then this means that o3(m1) = o3(m) for each
m1,mz € Ms . Now, for each my,m; € Ms, we have (Bmz, my) € (ker(a) N(B(M) X B(M)) . If 6 = ua, then aB(mi) = af(my)
and hence uaB(mi)= uaB(my) . Thus oB(mz) = of(my) and then o € £ (ker(a) N(B(M) X B(M)) .

(4—5) Put B = Im, identity map of Ms , then we have ca € £ (ker(a)) =

Lr(ker(a) N(B(Im) X B(m)) = £r(B(Im) X BUM)IUTa = Ta.

(5—1) It is obvious.

G. Corollary (2.7)

The following conditions are equivalent for monoid S:

1) Sis SP-injective.

2) 4s(ys(a)) =Saforall a € S with aS is small in Ss

3) vys(b) € ys(a), where a,b € T with aS is small in S, implies Sa € Sb .

4) £5(bS N(ys(a) X ys(a)) = £5(b x b)USa for a,b € S with aS is small in S; .
5) Ifo:aS— Ss, a € Swith aSissmall inSs, then ca € Sa .

H. Proposition (2.8)
Retract of a quasi-small principally injective S-act is quasi- small principally injective.

1) Proof
Let M;s be quasi small principally injective S-acts and N is a retract of M . Let « € T=End (N) with a(N) be N-cyclic small sub-
acts of N and then in M; (this means that a(N) is M-cyclic small sub-acts of M) by lemma (3.4) in [13] and let f : a(N) —N be S-
homomorphism . Since M is quasi small principally injective S-acts, so there exists g: Ms—Ms such that giyiq )= jnf where jn is
the injection of N into Ms . Let g(= g|N): N—-N . Thus, it is clear that g is extension of f and N is quasi small principally injective
S-acts.

I.  Proposition (2.9)
Let M; be quasi SP-injective S-acts and a; € T with a;(M) is M-cyclic small sub-acts of Ms (1 <i<n)
1) If Ta, ®Ta, D...D Tay, is direct , then any S-homomorphism B : a; (M)U a, (M) U...U a, (M) — M; has an extension in
T.

2) Ifa,(M) @ a,(M) @...@ a,(M) is direct, then T(ay, ay,..., &) = Tay UTa, U ...UTa,, .

1) Proof
Let B: oy (M)U a,(M) U...U a,(M) — Ms be an S-homomorphism with o;(M) is M-cyclic small sub-acts of Ms . Since Ms is
quasi SP-injective S-acts, so there exists an S-homomorphism o; : Ms—M;s such that o;0;(m)=pa;(m) for all m € Ms . Since
o, (MU oy (M) U....U a, (M) is small sub-acts of Ms by remark and example(2.2)(2) , so B can be extended to B: Mg — M; such
that for any m € M, B(UR,a;)(m) = B(U™L,a;)(m) . This implies that U™, Bo; = UL, 0y . Since Ta, BTa, B...D Tay, is
direct, so Ba; = o;a; for all (1 < i < n). Thus, B is an extension of §.

Let By UBya, U ...UByat, € TayUTa, U ...UTa,, . Define o;:(ay,aty....,a,)(M)— M ,where a; € T for each i by
oi((ay, ay,..., ay)(M))= a;(m) for every m € Ms . Since o, (M) P a,(M) P...P a,(M) is direct, so o; is well-defined. For this
let (aq, ag,..., a)(M) = (By, Bz,..., Bn)(M) for each o; , B; € T and m € Ms , this implies that (a;m, a,m,..., a,m) =
(Bym, Bzm,..., Bym) , then o;(m) = B;(M) . Thus o;((ay, az,..., a)(M)) = 6;((B1, Bzs---» Bu)(M)) - As ((UiZy;)(M) is small sub-
acts of Ms by remark and example(2.2)(2) , and since M is quasi SP-injective S-acts , so there exists an S-homomorphism ; € T
which is extension of o; . Then a; = 0;(0ty, sy, &) = G5(0y, Aps..., Ay) € T(0y, Aps..., &) . This implies that Tay, UTa, U
.UTa, € T(ay, ..., ) . The reverse inclusion is always holds.

J. Proposition (2.10)
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Let M; be quasi SP-injective S-acts with T = End(Ms) , and let A be small sub-act of Ms. Let @iL; o;(M) be direct sum of small
M-cyclic sub-act of Ms . Then for any small A of M, we have : A N L, (M) = BiL; (A Noy(M)) .

1) Proof
Letx € Di=; (A Na;(M)) , then there exists j € I={1,2,...n} , such that x € A Na;(M) which implies that x € A and x € a;(M) for
some jel , so x € AN @i, o;(M) . Then BiL; (ANo;(M)) € A N BL; o;(M) . Conversely, let a € A N B, a;(M) which
implies that a € A and a € DL, a;(M) . So there exists j€l such that a € a;(M) . Let m; : BiL; o;(M) — a;(M) be the projection
, then take o(= T[]'|a]-(M)) 2 aj(M) — o;(M) . Let iy, be the inclusion maps of a;(M) and o;(M) into Ms respectively . Since o;(M)

(where i={1,2,...,n} )is small sub-acts of Ms and M is quasi SP-injective acts , so by(1) of proposition(2.9) , o can be extended
to S-homomorphism 8 : Ms — M; ( that is there exists f € T, so  extends m; . Thus for a € o;(M) , we have a;(m;)=m;(a) = B(a)
=o(a).Then,ae BL; (ANa;(M)) and AN BiL; (M) € BiL; (A Ne;(M)).

I11.CONCLUSIONS

From this work, we can put a highlight on some important points:

First: We have illustrated in the theorem (2.3) when the direct sum of finite M-small principally injective is also M-small principally
injective and in corollary (2.4), clarified when the direct summand (retract) of M-small principally injective, is also M-small
principally injective

Second: In theorem (2.5), we found the relationship between the factor of injective and M-small principally injective acts under
projective condition. Besides, we found when M-cyclic subact of projective is projective?

Third: Proposition (2.6), corollary (2.7), and proposition (2.9) demonstrated the relationship between endomorphism monoid and
acts under M-small principally injective property.

For the future work, one can extend this work by taking subacts as small finitely generated.
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